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Abstract: In this study, we use product rule of fractional functions to obtain the integral form of particular solution
of non-homogeneous linear fractional differential equation (FDE) with constant coefficients, regarding Jumarie’s
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I. INTRODUCTION

Fractional differential equations (FDEsS) occur in numerous complex systems in life science such as rheology,
viscoelasticity, porous media, electrochemistry, electromagnetism, dynamics of earthquakes, geology, viscoelastic
materials, bioengineering, signal processing, optics, biosciences, medicine, economics, probability and statistics,
astrophysics, chemical engineering, physics, splines, tomography, converters, electromagnetic waves, and many other
scientific areas [1-11]. Fractional calculus is not like the traditional calculus, there is no unique definition of fractional
derivation and integration. The commonly used definitions are the Riemann-Liouville (R-L) fractional derivative [12], the
Caputo definition of fractional derivative [12], the Grunwald-Letinikov (G-L) fractional derivative [12], and the Jumarie’s
modified R-L fractional derivative [13].

The differential equations in different form of fractional derivatives give different type of solutions. Therefore, there is no
standard methods to solve FDEs. Ghosh et al. [15] developed analytical method for solution of linear fractional
differential equations with Jumarie type of modified R-L derivative. The aim of this article is to obtain the integral form
of particular solution of non-homogeneous linear FDE with constant coefficients, regarding Jumarie’s modified R-L
fractional derivative. The product rule of fractional functions plays an important role in this study. Moreover, the main
result obtained in this paper is different from [16], and is the generalization of particular solution of non-homogeneous
linear ordinary differential equations with constant coefficients. In addition, we propose some examples to demonstrate
the validity of our results.

I1. PRELIMINARIES
In the following, we introduce some fractional functions and their properties.

Definition 2.1 ([14]): If a > 0, and z is a complex variable. The Mittag-Leffler function is defined by

Zk

Ea(2) = k=0 tg0rsy 1)
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Definition 2.2 ([15]): Let 0 < a < 1,4 be a complex number, and t be a real variable, then E,(At%) is called a-order

fractional exponential function, and the a-order fractional cosine and sine function are defined as follows:
o © (_1)k12kt2k0{
€054 (A“) = Xko0 T earsy @)

and
(_1)klzk+1t(2k+1)a

sing (At%) = Yo r(k+Da+1) X

Notation 2.3: Letz = a + ib be a complex number, where i =+/—1, and a, b are real numbers. a the real part of z,
denoted as Re(z); b the imaginary part of z, denoted as Im(z).

Proposition 2.4 (fractional Euler’s formula) ([18]): If 0 < a < 1, then
E,(it%) = cos,(t%) + isin, (t%). 4)
Next, we define a new multiplication of fractional functions such that some properties, for instance, product rule and
chain rule are correct.
Definition 2.5 ([17]): Suppose that 4, u, z are complex numbers, 0 < a < 1, j, [, k are non-negative integers, and ay, by

are real numbers, p,(2) = zk for all k. Then we define

F'(ka+1)
AO@py(s®) = ——— (A® ———— (s’
Pj PSS ) = TGa + D) rla+ 1)
_ 1 j+1 ; !
- r((j+l)a+1)( Ji )(,115“)1(”5“) ’ ©)
where (j * l) = U
j ju
If f,(At*)and g,(us®) are two fractional functions,
fa Q) = B ax pe(At) = Big roots ¥, (6)
9a(us™) = Tirmo bi Prc(us®) = Tz mms (Hs ", )

then we define
fa(At)®ga(us®) = Xizo i P (At¥)® Xi—o by Pk (s*)
= ZI?:O(an:O ak—mbmpk—m(Ata)®pm(ﬂsa))- (8)

Proposition 2.6 ([17]): fo(At®)®ga(15) = Lo s Zhieo (15 ) Gumbm AL (us)™ ©

I'(ka+1)

Definition 2.7: (fa(lt“))m = £, (At)® - ®f,(At%) is the n times product of the fractional function f,(At%). And
cos@"(bt*) = (cosa(bt“))®n, sin®*(bt®) = (sina(bt“))®n.

Remark 2.8: The ® multiplication satisfies the commutative law and the associate law, and it is the generalization of
traditional multiplication, since the ® multiplication becomes the ordinary multiplication if « = 1.

Proposition 2.9 ([17]): E,(At*)QE,(us®) = E,(At* + us%). (10)
Corollary 2.10: E,(At®)QE,(ut*) = E,((A + w)t%). (11)
Remark 2.11: Peng and Li [20] give an example to show that E,(At%) - E,(As%) = E,(A(t + s)%) is not true for

0 < a < 1.0n the other hand, Area et al. [21] also provide a counterexample for E,(At%) - E, (ut*) = E,((A + p)t%),
0<a<l.
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Proposition 2.12: Assume that 0 < a < 1, and a, b are real numbers, then
E,(at®)®cos, (bt%) = %[Ea((a +ib)t%Y) + E,((a — ib)t%)],
and
E,(at®)@sin, (bt*) = %[Ea((a +ib)t?) — Eq((a — ib)t?)].
Proof Since  E,((a+ib)t%)
= E,(at*)®E, (ibt*) (by Eqg. (11))
= E,(at®)®|cos, (bt*) + isin, (bt*)] (by Eqg. (4))
= E,(at®)®cos, (bt*) + iE,(at*)Qisin, (bt*).
It follows that
Eq(at®)®cos,(bt®) = Re[Eq((a + ib)t®)] = [E,((a + ib)t®) + Eq((a — ib)t%)].
And

Eo(at®)®sing (bt®) = Im[E,((a + ib)t9)] = = [E,((a + ib)t?) — E,((a — ib)t¥)].

Proposition 2.13: If 0 < a < 1, b is a real number, and m is a positive integer, then

cos@™(bt®) —Z—le ol, 5 €0sq ((m — 21)bt®),
and
sin@™(bt*) = = Z)m Z{"Omlrgl__ll)), <cos— cos, ((m — 20)bt*) — sin ™= - sing ((m — Zl)bt“)).
1 m
Proof cos®™(bt*) = (5 (E,(ibt*) + Ea(—ibt“))>
2 ®m-1 , ®!l
= = 0 1(m- l)l(E (lbt“)) ®(Ea(—lbt“))
1 .
- Inoz'(m o1 Ea (i(m — Dbt“)QE, (—ilbt")
ZmZz ol,(m l),E (i(m — 21)bt%)
= 57 20 foms; €0 (m = 2D)bt). - (by Eq. (4))
And
sin®™(bt%)

- (21 (E,(ibt®) — Ea(—ibt“)))@n

1

Qm-l
=_(zi)m m 0 Tom= z)'(E (ibt®))

®(—Ea(-ibt®))

= ym D Gon )bt

(- z)m 1=0 jy(m-0)1

-t .. . .
= o > ;n(r(n_ll)), (cos% + isin %) (cosa ((m = 2D)bt*) + isin,((m — ZI)bt“))

=(_#Zﬁ0;?(;i__ll)),(cos— cos,((m — 21)bt“)—sm . sing((m — 21)bt“))
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(13)

(14)

(15)

g.e.d.
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1. MAIN RESULTS

In this section, we will find the integral form of particular solution of non-homogeneous linear FDE with constant
coefficients. Firstly, we introduce the fractional derivatives adopted in this paper.
Notation 3.1: If « is a real number, we define

[a] = { 0 ifa<O,
= the greatest integer less than or equal toa ifa¢ = 0.

Definition 3.2: Assume that a is a real number, m is a positive integer, and £ (t) € C!“I([a, b]). The modified Riemann-

Liouville fractional derivatives of Jumarie type ([13, 15]) is defined by

r(la)f (=D (Ddr, if @ <0
(DHIF O] = r(1 - dtf - *[f() — f(a)] dr, ifo<a<1 (16)
tdt_m(aDéz MIF®], fm<a<m+1

where T'(y) = f0°° sY~le~5ds is the gamma function defined on y > 0. For any positive integer n, we define (aDgz)" =
(aDE)(oDE) - (D), the n-th order fractional derivative of ,Df. On the other hand, the fractional integral is defined

by Jf = D%, where a > 0. We have the following properties.
Proposition 3.3 ([19]): Suppose that a, 8, ¢ are real constants and 0 < a < 1, then

(DE)tF] = s tF e, it B 2 a (17)
(oDF)lel =0, (18)
(olE)[tF] = prs P+, 1B > —1. (19)

Theorem 3.4 ([19]): If 0 < a < 1 and f(t) is a continuous function, then

(D) (JB)F®] = F(). (20)
Theorem 3.5: If a, b, a are real constants, a® + b? = 0,and 0 < a < 1, then
the fractional integrals

( olff )[E (at®)®cos, (bt*)] = = sz (at“)®(acosa(bt“) + bsma(bt“)) - (21)

az+b2 '

And

( ) [E,(at®)®sin, (bt*)] = p sz (at“)@(bcosa(bt“) — asma(bt“)) +—-— (22)

az+b2
Proof ( olt"‘) [E,(at®)®cos, (bt*)]
= (olf) [ [BulCa+ 0)e%) + Eo((a = i0)e]| (by Eq. (12)

=~ (ol)[Ea((a + ib)t®) + Eq((a — ib)t®)]

= (g Ealla + D)) + 5 Eala - b)) ~ 5~ 40)

a+1b a—ib

- ﬁ ((a — ib)E,((a + ib)t?) + (a + ib)Eq((a — ib)t?)) — ﬁ

= ﬁ((a —ib) (Ea(at“)®(cosa(bt“) + isina(bt“))) + (a +ib) (Ea(at“)®(cosa(bt“) - isina(bt“))))
a
T
——F (at“)®(acosa(bt“) + bsma(bt“))

- 2+b2 a2+b2 '
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On the other hand,
( Olg)[Ea(ata)®Sina(bta)]

= (olé) |3 Bl + ) = Bo(a — )e®)]| (by Eq. (12)

= le (aﬂb E,((a +ib)t*) — —E «((a—ib)t%) — T a_ll,b)
2(a2+b2) ———((b + a)E,((a + ib)t*) + (b — ai)E,((a — ib)t%)) + — 2+b2
2+b2 ——F (at“)®(bcosa(bt“) - asma(bt“)) +—— 2+b2 g.e.d.
The linearity property obviously holds by Definition 3.2.
(oDf)lafoa(at®) + bga(ut®)] = al oD ) [fa(At™)] + b( oDF)[ga(ut)], (23)

where f,, g, are fractional functions, and a, b, 4, u are complex constants.
Theorem 3.6 (product rule for fractional derivatives) ([17]): Let 0 < a < 1, 4, u be complex numbers, and f,, g, be
fractional functions, then

(DO faAtD®a(utN)] = (D) [fa(AtDI®Ga(t®) + fo(AtV)®( oDF)[ga(ut®)]. (24)
The following is the differential form of particular solution of non-homogeneous linear FDE with constant coefficients.
Theorem 3.7 ([18]): If 0 <a < 1,n is a positive integer, a,.a,, -, a, are real constants, and a, # 0. The non-

homogeneous linear FDE with constant coefficients

(an(oDE)" + anos(oDF)" + -+ ar(DE) + @) [y(ED)] = () (25)

has the particular solution

¥, (t%) = ( . )[r(m]. (26)

an( ODg‘) +an_1( ODg‘) +---+a1( 0D?)+a0

To obtain the main result of this article, we need the following properties.

Lemma 3.8: Let A be a complex number, then

(555 1€ = Bt ol B (-2 (). @)

Proof (oDE = 1) [EaAtDIB( ol [Ea(-2t)® (tD)]]

= (oDf) [Ea(lt“)@)( olf‘)[Ea(—At“)@r(t“)]] — AE,(At)®( ol ) [Eq (=2t @7 (t%)]

= (oDE)[Eo(AtD]®( oIf)[Eq(—2tD)®T(t*)] +E, (At Q(E, (—At")@r(tY))

—AE, (AtM)®( oI [Eo (—2t¥)Qr(¢*)] (by Theorem 3.6)

= AE;(AtN)®( oIF)[Ex(—2tD)®T(tN)] + r(t*) —2E,(AtD)®( oI&)[Eo (1t D) Q1 (t*)]

= r(t%).
By Theorem 3.7, the desired result holds.

g.e.d.

Theorem 3.9: Let the assumptions be the same as Lemma 3.8, and A,, 4,, -+, A,, be the roots of the equation a,x™ +

Ap_1 X" 1+ -+ a;x + ay = 0, where a,, # 0.Then

1
n =1 [r(t“)]
<an( ODgL) +an_1( ODgL) +'~+a1( ng)+ao>
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= ain ) Ea()lnta)®( Oléx)[Ea((/ln—l - An)ta)® Ea((ll - Az)ta)®( OIL?)( Olg)[Ea(_Alta)®r(ta)] ]

(28)
roet ( (o8 v )()) )
(an(ont (ODt Tna){ oPE Al)) [r(&®)]
= (o) (o) () e
= () Gim) - () [Ee @ (ol o (it @r(e)]] by Lemma 3.8)
=2 (55) (G () [Baat 9@ o) B = 10698 (ol Bt @1 ()|
= Ecnt)®( o) [Ea((n-1 = 2)tI® -+ Ea((r = A)tIB (ol ) (ol ) [Ea (=21t )@T(t)] -]
g.e.d.

Therefore, we can easily obtain the integral form of particular solution of non-homogeneous linear FDE with constant
coefficients.
Theorem 3.10: The non-homogeneous linear FDE with constant coefficients

(an(oDE)" + ana(oDE)" ™ + -+ as(oDE) + a0 ) y(e™)] = (%) (29)
has the particular solution
¥p(t) = o= Ee(Ant®) ®( olf) |Eal(n-1 = 2)tDI®( of) [+ Ea (s = )tIB( ol [Eg (~A1t)@r(t)] -]
(30)
Proof By Theorem 3.7 and Theorem 3.9, the desired result holds. g.e.d.

Remark 3.11: The particular solution Eq. (30) may contain the general solution part of
(an( ODf‘)n + anq( th“)n—1 + -+ ay( oDF) + ao) [y(®)] =0. (31)
So we can ignore the general solution part when we seek the particular solution Eq. (30), and the particular solution that
the general solution part to be removed denoted as P ( Yp (t“)).
IV. EXAMPLES
In the following, we will give several examples to illustrate the integral form of particular solution of non-homogeneous

linear FDE with constant coefficients.

Example 4.1: Let a, b be real numbers, and a # b. The non-homogeneous linear FDE with constant coefficients

() ~20( 025) ) )] =, 0%

has the particular solution

P (3 (")
- #(muy (o) () [( ) 3, (- )]
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(e, ()0 o) g v, (-

- (3, (") (2, (0 - 00 )

- (b—la)z Ey, (btl/ 3)- (33)

Example 4.2: Lett > 0, then

() =5 )= Yo ) = 5o, () o
has the particular solution
P ()
=y, (a0) @ (1) |5y, (~560) @ o1 [y, (40" @sin, (264)] )
(01:/4> gy, (-9t4) @ (20051/4(2t1/4)+4sin1/4(2t1/4))]) (by Theorem 3.5)
(4#/4)@(01:/4) (-5} sy, (3) s, ()] G Tionms.
)

Ya ® (#30 cos, (2t1/4) + %(stim/4 (2151/4))- (35)

Example 4.3: ( OD:/3)2 [y (t1/3)] = cosl/ (Zt /3) (36)

has the particular solution

( 01t1/3>2 E cos1, (6t1/3) + Zc051/3 (2t1/3)]) (by Eq. (14))
( 013/3> [isinl/3 (6t1/3) + Zsin1/3 (2t1/3)])
6t1/3) - ic051/ (2t1/3). (37)

(
Example 4.4: ( 001/5 + 1) [y (t /5)] —t'/s

(38)
has the particular solution

(o0 (+75)) = P (B, (~275) @ (o1 ) [, (+7) @]
—p <51/5 (~t"s) @ <E1/5 (t5)® (tl/s -T @)))

_ (9 (39

w1
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V. CONCLUSIONS

The particular solution of non-homogeneous linear FDE with constant coefficients has two expressions: differential form
and integral form. They are generalizations of particular solution of non-homogeneous linear ordinary differential
equation with constant coefficients. In this paper, the integral form is proved by product rule of fractional functions. On
the other hand, the differential form can be represented as formal Laurent series of fractional differential operator. In fact,
the new multiplication we defined is a natural operation in fractional calculus. In the future, we will use the modified R-L
fractional derivatives and the new multiplication to extend the research topics to the problems of engineering
mathematics.
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